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Abstract

We explore differential and algebraic operations on the exterior product of spinor representations and
their twists that give rise to cohomology, the spin cohomology. A linear differential operator d is introduced
which is associated to a connection V and a parallel spinor ¢, V¢ = 0, and the algebraic operators Dy,
are constructed from skew-products of p gamma matrices. We exhibit a large number of spin cohomology
operators and we investigate the spin cohomologies associated with connections whose holonomy is a
subgroup of SU(m), G, Spin(7) and Sp(2). In the SU(m) case, we find that the spin cohomology of complex
spin and spin, manifolds is related to a twisted Dolbeault cohomology. On Calabi-Yau type of manifolds
of dimension 8k + 6, a spin cohomology can be defined on a twisted complex with operator d + D which
is the sum of a differential and algebraic one. We compute this cohomology on six-dimensional Calabi-Yau
manifolds using a spectral sequence. In the G, and Spin(7) cases, the spin cohomology is related to the de
Rham cohomology.
© 2006 Published by Elsevier B.V.
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1. Introduction

On spin manifolds apart from the exterior derivative d and the associated de Rham complex
(A*(M), d), one can define the Dirac operator (A(M), D), where A(M) is the spin bundle.! On
complex manifolds, the Dirac operator decomposes as D = D + D and the spin representation
can be graded such that (A(M), D) can turn into a (graded) complex. The associated cohomology
is called spinor cohomology [1].

* Tel.: +44 207 848 2227, fax: +44 7848 2017.
E-mail address: gpapas@mth.kcl.ac.uk.
! We adopt the notation to denote a representation and its associated bundle with the same symbol, e.g. A = A(R")
denotes the spin representation of Spin(n) and A = A(M) denotes also the spin bundle over M. In addition, we shall
denote the bundles and their sections with the same symbol. A* denotes the space of forms.
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In even dimensions, the complex Dirac spin represenation is reducible and decomposes as
A= A" @ A", Apart from the spin representation A both the exterior power, C = A*(A*)
(C+ = A*(AL)), and the symmetric product, Sym*(A*) (Sym*(A4)), of the dual spinor repre-
sentation A* (A1 = (A%)*) have found applications in various problems in physics. The former
has applications in supermanifolds. In particular, all real supermanifolds that appear in the context
of supersymmetry are isomorphic to C (C+) [2]. The latter is a model for the odd forms on su-
permanifolds and has appeared in the context of string theory [8] and the theory of deformations
of the field equations of supersymmetric gauge theories and supergravity in superspace [6,7]. It
turns out that the theory of deforming the field equations of the supersymmetric gauge theories
and supergravity can turn into a cohomological problem on A* ® Sym™ for the so called spinorial
cohomology.

Motivated by these developments in physics, the aim of this paper is to investigate various
cohomology operators that can be defined on C, C+ and its various twistings. Let (M, g) be a spin
manifold equipped with a spin connection V, which is not necessarily the Levi-Civita connection
of the metric g. One can define a linear differential (spin) operator on C(M) or C+(M) as

dp = (T AV,e, ¢ € C(M), (1.1

where A is the wedge product in C, ¢ a cospinor and {I'* : u =1, ..., dim M} are the gamma
matrices. In many applications, ¢ is taken to be a parallel cospinor with respect to V, Vi = 0. As
we shall see there are various cohomology theories that can be defined depending on the choice
of spinor ¢, the connection V. The operator d can always be defined on C. However, the restriction
of d on C+ depends on the choice of ¢ and the properties of the spinor inner products which in
turn depend on the dimension of the manifold M. One of our aims is to investigate the conditions
for d to be nilpotent, d*> = 0. These conditions can be expressed in terms of restrictions on the
cospinor ¢ and on the curvature R of the connection V, in addition to V¢ = 0.

In addition to differential operators, we shall present a large number of algebraic cohomology
operators D) on some twisted complexes like for example A*(M) ® C(M) and A*(M) ® C+(M).
Some of these are constructed from skew-products of p gamma matrices. We investigate the
conditions for D(zp) = 0 and relate them into the symmetry properties of gamma matrices.
The latter again depend on the dimension of the manifold M. In addition, we shall show that
D(p)d + dD(p) = 0 and so the cohomology of (A* ® C, d + D() and (A* ® C+, d + D(p)) can
be computed using a spectral sequence. We shall refer collectively to all of these cohomology
theories with operators d, D(p) and d + D(p) as spin cohomologies.

We shall develop the general theory of spin cohomology. In particular, we shall compute the
conditions on the curvature of the underlying manifold for 4> = 0. We shall also explain the
relation to parallel spinors.

Next, we shall focus on a certain class of parallel spinors. In particular, we shall consider
manifolds which admit a spin connection V induced from the tangent bundle with holonomy
contained in the groups SU(m) (n = 2m), Sp(k) (n = 4k), Spin(7) (n =8) and G>, (n =7),
where in parenthesis is the dimension of the manifold. A special class of examples of manifolds
with spin cohomology are those that appear in the Berger list and admit parallel spinors [3], for
non-simply connected manifolds see [4]. In these cases, V is the Levi-Civita connection.

We shall show that for spin complex manifolds which admit a holomorphic connection V with
holV C SU(m), there are two differential spin cohomologies with operators d; and d, related
to two parallel spinors of the connection V. We refer to these spin cohomologies as complex
spin cohomologies. We shall show that d; and dj restrict on Cx. In particular, one can con-
struct complexes (C+, dq) and (C, d») for dim M = 8k + 2, 8k + 6 and complexes (C_, d;) and
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(C—, d) for dim M = 8k, 8k + 4. We give the Laplace operators associated with d; and d; using
a Spin(n)-invariant inner product. We show that the complex spin cohomology of (C_, d3) in all
dimensions is related to twisted Dolbeault cohomology. We extend this relation between this spin
cohomology and Dolbeault cohomology to complex spin,. manifolds as well. The complex spin
cohomologies can be twisted with any holomorphic vector bundle. Apart form the differential
complex spin cohomologies, there is an algebraic spin cohomology operator D = D1y and the
complex A*% ® C_ on all such manifolds of dimension n = 8k + 6 and d» D + Dd> = 0. The
cohomology of (A*? ® C_, d» + D) can be computed using a spectral sequence. As an example,
we computed the cohomology of (A*? ® C_, d» + D) on six-dimensional Calabi-Yau manifolds.

On manifolds which admit a connection with holonomy Sp(k), there are k + 1 differential spin
operators associated to k + 1 parallel spinors. Two of these are the same as those of the SU(2k)
manifolds investigated above. We shall not present a full analysis in this case but we shall express
a third spin differential operator on hyperKiahler manifolds in terms of a Dolbeault operator.

On manifolds which admit a connection with holonomy Spin(7), there is one differential
spin operator d associated to one parallel spinor and a real complex (Cg, d). In addition, d> = 0
provided the connection V is the Levi-Civita connection of a Spin(7) metric. The spin cohomology
is isomorphic to de Rham cohomology.

On manifolds which admit a connection with holonomy G, there is again one differential
spin operator d and a real complex (CR, d). In addition, d*> = 0 provided the connection V is
the Levi-Civita connection of a G, metric. The spin cohomology of (Cg, d) is isomorhic to two
copies of the de Rham cohomology relatively shifted by one degree.

This paper has been organized as follows: in Section 2, we summarize the properties of Clif-
ford algebras and spin representations which we use later. In Section 3, we explore the general
properties of the linear differential operators (1.1), define the twisted complexes and present the
algebraic cohomology operators. In Section 4, we investigate the properties of complex spin co-
homology and derive the conditions for > = 0. In addition we compute the Laplace operators. In
Section 5, we investigate various kinds of twisted complex cohomology. In Section 6, we relate the
complex spin cohomology to the Dolbeault cohomology for spin and spin. manifolds. In Section
7, we compute the complex spin cohomology and a twisted spin cohomology on a six-dimensional
Calabi-Yau manifold. In Section 8, we investigate the spin cohomology of manifolds that admit
a connection with holonomy contained in Sp(k). In Section 9, we explore the properties of some
real spin cohomologies. In Sections 10 and 11, we investigate the spin cohomology of manifolds
that admit a connection with holonomy Spin(7) and G, respectively.

2. Preliminaries

The investigation of spin cohomology involves a detailed description of spinor representations.
Because of this and to establish notation, we shall review some aspects of spinor representations
in various dimensions [3,5]. We shall focus on the manifolds with Euclidean signature but the
analysis can be easily extended to other signatures.

Let V = R" be a real vector space equipped with the standard Euclidean inner product. If
n = 2m even, the complex spin (Dirac) representation of Spin(2m), A = A(V), is reducible and
decomposes to two irreducible representations, A = AT @ A~. To construct these spin repre-
sentations let ey, .. ., e, be an orthonormal basis in R"”, n = 2m, and J be a complex structure in
V, J(ei) = ejym. We identify V and its dual using the Euclidean inner product. Next consider the
subspace U = R™ generated by ey, ..., e;.Clearly V = U @ J(U). The Euclidean inner product
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on V can be extended to a hermitian inner product in V¢ = V ® C denoted by (, ), i.e.

(e, w'ey) =Y zuwk, @.1)
w

where Z is the standard complex conjugate of z in V. The space of spinors A(V) = A*(Ug),
where Uc = U ® C. In addition, AT = A®¥*"(U¢) and A~ = A°YUe. The spinors in AT are
called chiral while those in A™ anti-chiral. The inner product (2.1) can be easily extended to A
and it is called the Dirac inner product on the space of spinors. The generators of the Clifford
algebra ¢, are represented on A as
F(ei)n=ei'n=ewn+.eun, i'fm . 22)
I(emii)n = €iym -0 = —ie; A +iejan, i <m,
where e;. is the adjoint of e;A with respect to (, ). It is convenient to denote the generators
I'(e,) = I',, and they are often called gamma matrices. Clearly I, : AT — AT, The linear
maps I, are hermitian with respect to the inner product (, ), (I',n, 6) = (n, I',0), and satisfy the
Clifford algebra relations ey e, + evey, = Iy I + 11, = 0, for 1 # v, (eu)2 = (1"M)2 =1.
Next define the maps A = 115 ..., and B = I},41 ... I, and the inner products on A as

A(n, 0) = (A(), 0)
B(n, 0) = (B(1). 6),

which we denote with the same symbol, where 7 is the standard complex conjugate of nin A*(V¢)
The inner products A, B are sometimes also called charge conjugation matrices. These have the
following properties:

A(n, 0) = (= D)I/2Dmn=1 A, n)
B(n, 0) = (—1)1/2mn+D g(g ).

(2.3)

2.4)

Therefore, A (B) is symmetric for m = 4k, 4k + 1 (m = 4k, 4k + 3) and skew-symmetric for
m =4k + 2,4k + 3 (m = 4k + 2, 4k + 1). In addition, we have
A(Tyn, 0) = (=" 'A@m, I0), 1<pu=<n

(2.5)
B(I'yn,0) =(=D"B(n, I',0), l<p=<n

and
A(Tun, T,0) = (=D 1A, 0), 1<p<n

(2.6)
B(I'yn, I,0) = (=D)"B(n.0), 1=p=n.

Therefore, A is Pin(2m) invariant for m = 4k + 1, 4k 4+ 3 while B is Pin(2m) invariant for m =
4k, 4k + 2. Both A, B are Spin(n)-invariant. A consequence of the above relations is

A, T,60) = (=112 =DFD A@, 1)

2.7
B(n, I,0) = (=)D g 1, 1) @7

Therefore, the gamma-matrices are symmetric with respect to the inner product A(B) for m =
4k + 1,4k + 2 (m = 4k, 4k 4+ 1) while they will be skew-symmetric for m = 4k, 4k 4+ 3 (m
4k + 2, 4k + 3).

Because of the existence of invariant non-degenerate inner products the dual of A* can be
identified with A. To make this identification precise, let us denote with C either A or B. Given a
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basis {e4; A =1,...,dim A} in A let us denote with {eA; A =1...dim A} the dual basis in A*,
eBley) = Aﬁ. The inner product C~! in A* induced by C is

> CTNEF M Clep, ep) = A 2.8)
E

The co-spinor C(7n) associated with the spinor n under the isomorphism C is defined as
Cp)@) =C@,n),n,0 € A, ie. in the above basis ngq = CABnB. The inverse transformation
C~! is defined as C~ (Y)(x) = C~L (Y, x), ¥, x € A*, ie. ¥ = ¥pr(C~1)BA. Notice that the
maps A, B: A* — AT for m = 4k, 4k + 2 while A, B: A* — AT form—4k+l 4k + 3.
Therefore, in the former case the dual AL of AT under A, B is identified with A%, AL = AT
while in the latter the dual Ay of AT is identified with AT, AL = AT,

There are two ways to construct the spin representation A in odd dimensions. One is to
write V/ = R+l = v @ R{exm+1) and extend the Euclidean inner product (2.1) from Vto V’,
(eam+1, eam+1) = 1, (V, eau41) = 0. The gamma matrices I, 1 < u < 2m, are defined as in the
even-dimensional case and

Doy =" ... Doy, 2.9)

The Spin(2m + 1) spin representation, A, is A = AT @ A~, where AT, A~ are the Spin(2m)
spin representations. (There are no chiral spinors in odd dimensions.) The invariant inner product
on Spin(2m + 1) representation A is the Pin(2m) invariant inner product on A™ @ A~.

Alternatively, we take V = U @ J(U) as for n = 2m and write U = Uy @ R{ez,). Then Vy =
U @ J(Up) has dimension 2m — 1. The gamma matrices are [, = il Iy, 1 < <2m — 1,
where I, are the gamma matrices of the Spin(2m) spin representation. These induce a represen-
tation of Pin(2m — 1) onto the A% representations of Spin(2m).

For later convenience, we introduce the notation (CI,)(n,6) = C(n, I',6) and similarly

(Clyy ), 0) = C(n, Ty, 0)s where
Ml Mp = Z( 1) F/L ) * [Lg(p) (210)

and o is a permutation. The symmetry of the inner product and that of the gamma matrices can be
re-expressed as C(7, 0) = (—1)*¢C(0, n), where sc = 0if Cis symmetric and s¢c = 1if Cis skew-
symmetric, and similarly CI,(n, ) = (=1)*" CI',(6, n), where s = 0 if CI', is symmetric and
sp = —11if CI', is skew-symmetric. From these one can also find that

Clyy.pi,(n, 0) = (—D)/2PP=D(_p)ptbscrpsrop, (0, 7). (2.11)

Similarly, we define (I';;..., C™)(W: X) = C™' Iy, ¥ X), Where x, ¥ € A,
The product of two co-spinor representations can be decomposed in terms of forms as A* ®
A* = 277:1 AP(V) ® C. In particular, one can write
YN 0)
(=1)Plsrsc) O
C™ (W, 0C, 9>+Zpi(r’“-~“ﬂc YW 0CT a1y (1, 0) |-
p=1 '

T dma,

2.12)
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where 7,0 € A and ¥, x € A*. The above decomposition is valid after restricting to A4 co-
spinor representations and to real co-spinor representations. We shall state the formulae later. The
formula (2.12) is also known as Fierz identity.

In the above formalism, it is possible to explicitly present the spinors that are invariant under
the action of certain subgroups of Spin(n). We shall mainly focus on the subgroups G C Spin(n)
which arise as special holonomy groups in the Berger classification and the associated manifolds
admit a parallel spinor. These spinors have been given in [3]. Here, we shall summarize the results
and adjust the various formulae because of differences in the conventions.

(i) G = SU(m) C Spin(2m). The invariant spinors under the SU(m) C Spin(2n) are 1, e; A
€2 A ... Aep. This can be easily seen by decomposing the Spin(2m) representations A%
under SU(m). If m = 4k, 4k 4 2 both invariant spinors are of the same chirality, i.e. they are
elements of A* while if m = 4k + 1, 4k + 3, they have opposite chiralities. In addition ob-
serve that I'; —il},4j(1) =0and I'; +il4 j(e1 A ... ep) =0, j=1,..., m. Therefore,
the invariant spinors are pure spinors with respect to the holomorphic and antiholomorphic
parts of the decomposition of V ® C with respect to the complex structure J.

(i) G = Sp(k) C Spin(4k). The invariant spinors are 1, e; A e2A, ..., Aexk, @, @, ... f !
wherew = e1 A ey + - - - + ear—1 A ez wWhichis the symplectic formin U C AT, Therefore,
there are k + 1 parallel spinors.

(i) G = Spin(7) C Spin(8). The invariant spinor is %(el —ex Nes Aey).

(iv) G = G, C Spin(7). The invariant spinor is %(@1 — ey Aey Aey).
3. Differential and algebraic operations on spinors
3.1. First order differential operators

Let M be a spin manifold equipped with a spin connection V which admits a parallel spinor
¢, V¢ = 0. We shall focus on even-dimensional manifolds. Some of the results can be easily
extended to the odd dimensional case. We define C.+ = A*(AL) and C = A*(A*) equipped with
the wedge product A.

Definition 1. The spin operator d is a linear differential operatord : C(M) — C(M), and similarly
d : C4+(M) — C+(M), such that

dp = CEAV,$, (3.1)

n=1
where C?(r}) = CI'*(, n).

Clearly d : C* — C**' and d : Cft — ijl. Choosing a basis in the space of co-spinors {e* :

A =1,...,2™}, the d operator can be written as
dda, Ar.. Ay = chrgAlvuquzu-AeH
+cyclic(A1, Az, ..., Apy1)B, A, ..., A1 =1, ..., dim A. (3.2)

The operator d depends on the choice of parallel spinor ¢ and the connection V. Although subject
to the data above, the operator d can always be defined on C(M), the restriction on d onto C4+
or C_ depends on the choice of the parallel spinor ¢. Since this depends on the dimension of
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the manifold and the choice of the parallel spinor, we shall explain the general properties of the
operator d acting on C, and later we shall specialize into the various cases.
Evaluating d?, we find

|
d*¢ = EC?/\CE/\RM,@, (3.3)
where R is the curvature of the connection V. Under certain conditions the operator d can be

nilpotent, > = 0. This depend on the choice of the spinor ¢ and the connection V. There are two
large classes of examples for which d% = 0.

e Group manifolds equipped with the left or the right invariant connections.
e Manifolds that admit a pure parallel spinor.

In the case of group manifolds R = 0. Therefore, d operators associated with the left- or right-
invariant connections are all nilpotent. The different d operators that can be constructed on group
manifolds are determined by the orbits of Spin(n) in A.

A spinor is pure if the subspace

W@ ={ve Ve, v, Mg =0} (3.4
of V¢ has dimension %dim(c(V@). We can use the inner product to decompose Ve = W(¢) @ Z.

Proposition 1. The operator d is nilpotent if, in addition to V¢ = 0, the curvature R vanishes
along the subspace A*(Z) C A*(Vg), i.e.

R|A2(Z) = O (35)

Proof. The curvature R can be viewed as a map from R : A2(M) — A%(M). Therefore,
P = LCEACYAR i = l[C“/‘\C"RR ] =0. O 3.6
¢—§ ¢ ¢ uv(p—i e ¢ ;w|A2(Z)¢— . (3.6)

Clearly, this condition can be generalized to spinors ¢ which are not pure but W(¢) # #.
The conditions on the curvature required for d?> = 0 can also be determined using (2.12). In
particular, we have

Proposition 2. The conditions on the curvature R for d* = 0 can be expressed in terms of the
forms associated with the parallel spinor ¢.

Proof. We compute d? using (2.12) to find

1 " (—1)Psrtse) - i
d2¢ ~ 2dim Ay Z p! (e 1)(C?’ C;“)) Clyy...opARuv9
p=0 ’
1 n (_1)(1"*‘1)(51“'5‘50) )
- 2dim A, Z p! C({, Fﬂ]"pl..-p,)l—vvé.) Crpl.‘.pp/\R/Lv(f)
p=0 ’
_ 1
~ 2dimA,

" (=1)PHDGrtse)

! [C(g. THPEPrRe) 4 p(p — 1) C(E, TP Pr=1 £)ghrt]

p=0
X Clp..0, AR, 3.7
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where g is the metric on the manifold. In the above sum over p only the terms with Cl’pl_”pp
skew-symmetric contribute. Sufficient conditions on the curvature for d> = 0 are

[C(g, T"P=PrPe) + p(p — DG, TP Pr=18)gh?1 PRy = 0 (3-8)

for %p(p — 1)+ (p+ Dsc + psr € 2Z 4 1. In some cases, these conditions are also necessary.
]

Provided that the conditions for > = 0 are met, we can define a cohomology theory associated
with the linear differential operator d.

Definition 2. The spin cohomology, Hy(C), is that of the graded complex (C, d), d*> = 0, where
dis as in (3.1). Similarly, the spin cohomology, H;(C+), is that of the graded complex (C+, d).

3.2. Twisted complexes

There are several ways to twist the complexes C and C+. Here, we shall consider two cases
which we shall describe below.

3.2.1. The complexesC® E andC+ @ E

Let E be a vector bundle E over the spin manifold M equipped with a connection V. One way
to twist the complexes C and C+ is to consider C ® E and C+ ® E. Let ¢ be a parallel spinor with
respect to a spin connection VY on the manifold M induced from the tangent bundle, VM ¢ = 0.
The spin differential operator d is

dp = CL AV, (3.9)

where V=V" @1 +1@VEfonC® EoronC+ ® Eand ¢ € C® E or C+ ® E, respectively.
The condition d> = 0 implies conditions on both the curvature R of M and the curvature F of
the connection V£ of the bundle E.

Theorem 1. The operator d is nilpotent providing that both the curvature R of the manifold M
and the curvature R of E satisfy either (3.5) or (3.7).

Proof. This is similar to the proof given in the previous section. [

There is a particular twisted complex of the this type that we shall consider by taking E =
A*(M)or E = A*(M) ® C. We shall see that in this case one can define certain algebraic operators
with are nilpotent. The spin cohomology, H;(C ® E), of the linear operator d for the twisted
complex (C ® E, d), can be defined in analogy with the spin cohomology of the untwisted case
in the previous section. This definition can be extended for Hy(C+ ® E).

3.2.2. The complexes C(E) = A*(A* ® E) and C(E)x = A*(A+L Q E)

These complexes allow the definition of the spin operator d operator on manifolds that do not
admit a spin structure but admit a spin. or in general a Sping structure. Another use of twisted
complexes C(E) is that they allow the imposition of a reality condition. It is known that there are
not real (Majorana) spin representations for n = 8k 4+ 4 dimensional manifolds and so there is
not a real complex C. However, it is possible to construct a real complex C(E) by taking E to be a
rank two SU(2) bundle.
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Let ¢ be a parallel section of A ® E with respect to a connection D=VY @ 1 + 1 ® V£,
where VM is a spin connection on the manifold M induced from the tangent bundle and V¥ is a
connection on the vector bundle E. The operator d on C(E) or C(E) is defined as

d¢ = C{ ADy¢, (3.10)

where A is the wedge operation in A*(A* @ E). One consequence of this definition is that ¢ is
not necessary a parallel section of the spinor bundle but of A ® E.

The case that it is of most interest to us is that for which E is a line bundle. In this case, the
conditions for d> = 0 can be expressed as conditions on the curvature R and F of the manifold
and of the line bundle, respectively. The formulae are similar to those in (3.5) and (3.7).

The construction can be further generalized in the case for which there is no a spin structure
but there is a spin, structure. In this case, although the spin bundle A is not well-defined A @ E
is and so is C(E).

Provided that the conditions for d> = 0 are met, we can define the twisted spin cohomology,
H;(C(E)), of the graded complex (C(E), d). Similary we can define the twisted spin cohomology,
H;(CL(E)), of the graded complex (CL(E), d)

3.3. Algebraic operations

3.3.1. The algebraic operator D(p)
There are several algebraic cohomology operations that can be defined on the twisted com-
plexes A* ® C, A* ® C+, Sym* ® Cand Sym* ® C4, where Sym™ = @;O:OSym” and Sym? is the

symmetrized product of p copies of A'.
The maps CI'P : A®@ A — AP

1
Cr P, 0) = —Cly i, (n, 0" A A 3.11)
p

are skew-symmetric, i.e. CI'P)(, 0) = —CI'")(9, n), provided that 1 p(p — 1) + (p + Dsc +
psr € 27,4+ 1 as it can been seen from (2.11).

Definition 3. The algebraic spin operator D(p) : A9(M) ® Cl(M) — AT~P(M) ® C*T2(M) is
(_1)(1/2)1!7(1r7—1)+4Z

2(q — p)ip'e!
X(CTH™P0) 4 s B iy vy pAseeAia € A <o A €97 @ EMA L ReMt2,

(3.12)

D¢ =

if g > pand D) = 0 for p > g, where CI” (P) is skew-symmetric.
It is straightforward to show that
Proposition 3. D, is nilpotent, D(zp) = 0, provided that p € 27 + 1.

Proposition 4. The algebraic spin operator D(,y can be restricted on A* ® Cx, iff dim M =
8k + 2, 8k + 6.

Proof. It can be seen from the properties of spinor inner product C summarized in Section 2 that
fordimM =8k +2,8k +6,CI'P : AL @ Ay — AP, pe2Z+1. O
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In what follows, when we refer to the algebraic spin operator on A* ® C+ complexes we shall
assume the condition of the above proposition applies and dim M = 8k + 2, 8k + 6.

The algebraic spin operator D(,) can be extended to twisted complexes A* ® C ® E and
A*®C+ ® E in a straightforward way. There is also an extension to the twisted complexes
A* Q@ C(E) and A* ® C4+(E) provided that E is equipped with and inner product 4. In particular,
we define

Dyy: AYM)®CHE) — ATP(M)® C*T(E) (3.13)
where
(— 1)(1/2p(p=D)+¢
2(qg — p)'p'e!

VAL AP @ eNATR L ReltraAnn (3.14)

= (e
D(p)¢ = (CF P h)11A1,12A2¢/L1...;,va1...Uq,p13A3...I@+2Ag+2

if g > pand D) = O for p > g. This operation is well defined provided that CIr'P @ h is skew-
symmetric. This is the case when either CI"(?) is symmetric and & is skew-symmetric or CI"(?)
is skew-symmetric and 4 is symmetric. In all the above cases D(2p) = 0 provided p € 2Z + 1.

Definition 4. The algebraic spin cohomology Hp,, (A* ® C) is defined as the cohomology of the
double graded complex (A* ® C, D,)). This definition can be extended to the rest of the twisted
and untwisted spin complexes.

A particular case of this operation is for p = 1. In this case, we have D = D¢y : A* ® C —
A* ® C, where

(=1t

b¢ = 2(q — et

v Vg— Al % ~ A
(CFM)A1A2¢M1Ul..,vq71A3..-Az+2e LA AT QePIA L. Ae 2

(3.15)

if g > 1 and D) =0 for g = 0. In particular, D is defined on A* ® C and A* ® C® E for
m =4k, 4k +2 if C = A and for m =4k + 3 if C = B. It is also defined on A* ® C+ and
A*RC+ QF form=4k+2if C= A and for m =4k +3 if C = B, dim M = 2m. In the
twisted case A* ® C(E), the operator D can be defined in all the cases for which E admits a fibre
inner product such that CI'"Y ® h is skew-symmetric.

Proposition 5. D, anti-commutes with the differential operator d, i.e.
dDp) + Dpd = 0. (3.16)

Proof. We can show this after a direct computation using the property of the connection V¥ of
the manifold to be a spin connection induced from the tangent bundle. In the twisted case (3.14)
this also the case provided that VEL = 0. O

The differential and algebraic spin cohomology operators on the various untwisted and twisted
complexes above can be combined into an new spin cohomology operator d + D. The new coho-
mology operator d + D defines a new cohomology, Hy4 p, which can be computed using spectral
sequences. We shall describe such computation on Calabi-Yau manifolds of dimension six.

3.3.2. The algebraic operator D
Apart from the D) algebraic operator, there is another algebraic operation b.
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Definition 5. The algebraic operator D on the complex Sym* ® C is
D: SymiM)®Ct — Sym?~ (M) @ CH1, (3.17)

where

N 1 _ _
b= (_l)em(cfﬁl‘pﬂvlwVz1—1A2~~~Az+1eVI AN @EMA L Rett

(3.18)
ifg>1land D=0ifg=0.

It is straightforward to extend this definition to the other untwisted and twisted complexes.
Moreover, one can show that

Proposition 6. D is nilpotent, D* = 0.
As in the case of D) algebraic spin operator
Proposition 7. D anti-commutes with the differential operators d, i.e.
dD + Dd = 0. (3.19)

A consequence of this is that one can define a new cohomology operator d + D and an asso-
ciated cohomology H,, 5, which can be computed using a spectral sequence.

Proposition 8. Ler D be the spin algebraic operator on Sym* ® C defined as in (3.18). IfCeis
an isomorphism, then H;f) =C.

Proof. Since C; is an isomorphism, then Sym* ® C = Sym™ ® A*. Sym? ® A4 can be decom-
posed under G L(n, C) into two irreducible representations. These have dimensions

Ay = n(n+1)...(n+p—1)n—1)...(n—q)
1= (p+q)(p—1)!q! (3 20)
Ay = n(n+1)...(n+p)n—1)...(n—q+1) .
2= (P+9)p'q=D)! :

Clearly KerD|s,,,0, 4¢ = A?. In addition
KerD|symrx a0 = D(Sym?*! x A17Y, p >0, (3.21)

with dim KerD|symrx 4 = Az Therefore, all cohomology Hg‘q = 0for p > Oand H%q = Al =
[

This theorem can be thought as a consequence of the Spencer cohomology [9]. Clearly, the
above result can be generalized to Sym™* ® C+ and twisted complexes.

4. Manifolds with connections of holonomy SU(m) and spin cohomology

As we have mentioned on even-dimensional Riemannian manifolds, there are two complex
spin representations A*. In addition there are real spin representations provided that m = 4k +
1,4k + 3, 4k, dim M = 2m. In what follows, we shall focus on the spin cohomology associated
the complex representations. The spin cohomology associated with real representations will be
investigated later.
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4.1. Complex spinor representations

Let M be a Riemannian manifold equipped with a spin connection V with hol(V) C SU(m).
We take that the metric on M to be compatible with the parallel almost complex structure J. There
are two distinct V-parallel complex spinors. These are givenby ¢; = 1,4, = €1 A ... A ep,. These
spinors are of different chirality if m = 4k + 1, 4k + 3 and of the same chirality if m = 4k, 4k 4 2.
Therefore, there are two first order differential spin operators d; and dp associated with the
spinors ¢ and &3, respectively. If m is odd, d; : C; — C4 and dp : C— — C_ while if m is even,
dy,dr : C_ — C_. We shall treat the two cases separately.

4.1.1. Them = 4k + 1, 4k + 3 case

Theorem 2. The operator dy : C1. — C4 is nilpotent, d12 = 0, provided that the (2,0) part of the
curvature R of the connection V with respect to the almost complex structure J vanishes.

Proof. For this we compute d12 on Cﬂ to find

|
2 = Ec‘,‘AcyAR,w(p, 4.1
where R, = [V, V,] is the curvature of the connection V. In a spinor basis {¢’:a =
1,...,dim A4}, the above expression can be written as
1
dip = 71OVl (€l (Riv®la ap o € A2 A AL A€, (4.2)

Observe that the product representation A4 ® A, can be decomposed as

m—=3

2
AL @A =) AP (V) e A" (Vo). 4.3)
p=1
In particular using (2.12), we have

m—3

1 2, (—=1)@p+DGsrtsc) _ |

— 1e-M2p+1
XB V(@)= > Gpr I CTHO D sz (1.6)

p=1
4.4)
The only non-vanishing form associated with ¢ spinor is the m-form given by
1 o1 P

€1 = %C(gl,[‘mmpm{l)e A...AePm 4.5)

Moreover, from section two, we have that CI', . ,, is symmetric and CI',. p,_, is skew-
symmetric. Applying the formula (4.4) for x = C’f and ¥ = C}, we find that the only non-
vanishing term is

1 (_1)(m—2)(xr+sc)

dip = - ————— ("2 (L e AR
1¢ ) (m — Z)Ydim(cA_,_( )( 1) P1---Pm—2 ;w¢

1 (=1)m=DGrtsc)

= C(l, [P |)CT, AR 4.6
2 (m —2)dimc Ay ( YT p1-pua MRy (46
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Therefore, d12 = 0, if the (2,0) component of the curvature R vanishes since (I'; — il j1u)1 =0
and so €1 is an (0, m) form. [

Theorem 3. The operator dy : C— — C_ is nilpotent, d% = 0, provided that the (0,2) part of the
curvature R of the connection V with respect to the almost complex structure J vanishes.

Proof. The proof of this is similar to the one presented above for the case of the ¢; parallel spinor.
One difference is the decomposition

m—3

2
A_®A_=) AV @ A" (Vo). 4.7)
p=1
A direct computation reveals that
1 (=1)m=2sr+sc)

d3p = - ———————(I'"-Pm2C71Y(Ch, CHCT, AR
29 2 (m — 2)!dimCA+( NCy, C)CT Y, s v

1 (=1D)m=DGrtsc)

=-——"—— Cley A...Ney, THPVPn=2V01 A Ae,)CT, AR, O
) (m — 2)!dim(cA+ ( 1 m 1 m) P1eePim—2 ,uvd’

(4.8)

Using (I'j + il jym)er A ... A ey = 0, we conclude that d% = 0 if the (0,2) part of the curvature
R vanishes. [

Corollary 1. The operator d =dy ® dp : C+ & C_ — C4 & C_ is nilpotent provided that the
curvature R of the connection V is (1,1) with respect to the almost complex structure J.

Proof. It follows immediately from the two theorems above. [

We therefore conclude that there are three kinds of untwisted differential spin cohomology
associated with a manifold that admits a connection with holonomy contained in SU(m), m =
4k + 1, 4k + 3. The complexes are (C+, dy), (C—, d2) and (C1 & C—, d| & d») and the associated
spin cohomologies are denoted as Hy, (C4.), Hyg,(C-) and Hy(C4 & C_), respectively.

4.1.2. The m = 4k, 4k + 2 case
In this case, both parallel spinors ¢y, &, € AT, Therefore, dy,d> : C— — C_.

Theorem 4. The operators dy, d, : C— — C_ are nilpotent, d12 =0and d% = 0, provided that
the either (2,0) or the (0,2) part of the curvature R of the connection V with respect to the almost
complex structure J vanishes, respectively.

Proof. The proof of this statement is similar to that for the cases m = 4k + 1, 4k + 3 described
in the previous section. In particular, we have

m—=2

2
A_QA_ = Z A2P(Ve) @ A" (V). 4.9)
p=0

From the results of section two, the map CI'#1--#m is symmetric and CI'#1-Hm-2 is skew-
symmetric with respect to both inner products C = A, B. The expressions for d and d5 are
given by (4.6) and (4.8), respectively. From these, it is straightforward to see that d% =0 (d% =0)
if the (0,2) ((2,0)) part of the curvature R of V vanishes. [
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Since both operators d1, d> act on the same complex, one can define the operatord = dj + d> :
C_.—>C_.If d12 = d% =0, d* = dyd» + dad,. Therefore, d is nilpotent iff the operators dy, d>
anti-commute.

Theorem 5. The operator didx 4+ drdy = 0 iff the curvature of V vanishes R = 0.
Proof. Applying the definition of d; and d5, one can find that
(dida + drdy)p = C' ACSAV, Vyp — CY ACYAV,V, ¢ = CYACIAR,,¢. (4.10)
The Kihler form associated with the parallel spinors is
—1

- n v
Q= G, cl)C(Q’ Tug)e e .11

It can then be seen that
(=D)PC(&, ¢1)

Clop (&, 81) = o

C(&2. Tpy.py ST Ao A P2 = AP Q. (4.12)

@p)!
Applying (4.9), we find

m

1 2 (_1)sc+sr Pt )
didy + drdr)p = C(&, THIPP2r TV e)CT, AR
(hdz +dpd)p = 2 o §C Ty, ..oy AR
1 % (_I)SC'HI‘
— C(¢y, [HP1-+P2pY
Gmean 2 apr 1@ v
+2p)2p — D' C(¢a, TP P71 ¢1)gP 1C Ty, ., ARV,
(4.13)
where g is the metric on the manifold M. This can be rewritten as
C(52.01) G~ (=SB [ (=i Hl2p 4 2)!
(dids + dad)p = 2S5 .
dime(44) 2 @p)t - [27712p+ D(p + 1!
. (=P~ '2p)!
x QUQPP QPP CTy ), AR v + 21— 1)
x 20203 QP=2Pm L CT ) o) ARy Ty J;jzp + Rpipy,)9 4.14)

For m = 4k, CI{2)) is symmetric for p = 2¢ while they are skew-symmetric for p = 2g + 1.
Therefore, in this case only the latter terms contribute in the sum. Similarly for m = 4k + 2,
CI7{2p) is skew-symmetric for p = 2g while they are symmetric for p = 2q + 1. Therefore, only
the former terms contribute is the sum.

It is clear that if the (1,1) part of the curvature vanishes, then the proposition is sat-
isfied. However, the (2,0) and the (0,2) parts of the curvature vanish as well. Thus,
R=0. 0O

We therefore conclude that there are three kinds of untwisted differential spin coho-
mology associated with a manifold that admits a connection with holonomy contained in
SU(m), m = 4k, 4k 4+ 2. The complexes are (C_, d1), (C—, d>) and (C_,d = d| + d») and the
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associated spin cohomologies are denoted as Hy, (C—), Hg,(C-) and Hy(C_), respectively. Un-
like the case case where m = 4k + 1, 4k + 3, all three cohomologies are cohomologies of the
complex C_.

4.2. Adjoint operators and Laplacians

As we have mentioned in Section 2, A4 are equipped with a Spin(n)-invariant inner product.
Because of this, one can find the adjoints of the spin cohomology operators d1, d> and their
associated Laplacians. As in the previous section, we shall distinguish between the m = 4k + 1,
4k + 3 and m = 4k, 4k + 2 cases. This is because of the properties of the inner product are
different (see Section 2).

4.3. The m = 4k + 1, 4k + 3 case

We extend the inner product C~! from Ay @ A_ to the space of sections of Cy @ C_ and
denote it with the same symbol. The inner product C~! vanishes if it is restricted on either C or
C_.

Definition 6. The adjoint operator A; : C_ — C_ of dj : C+ — C4 is

¢, diy) = C' (19, ¥ (4.15)
Similarly, the adjoint operator Ay : Cy — Cy of dp : C— — C_ is
C™ (. drgp) = C™' (52 9. (4.16)

Using these adjoints, one can define two Laplace operators A1 = Axd| +d1 A and Ay =
Ardy + dr Ay. The Laplace operatorof d : C; & C- — CL B C_is A=A & A,.
To compute the Laplace operator A1, we use the above definitions to find

A1 = —(=1)*FT (C@G1, ITHE)V Vo + (=1 HTCYACY TRwu)) | (4.17)

where 1J¢ denotes inner derivation with respect to spinor 7, i.e.

DY p M oA CD* 1BE Alx RoAe
na¢ = " OBA,..A €N AETE = T(C ) ENBOEA, .. A €T AL AETE,
(4.18)
which is equivalent to
M3P)a,..a, = €+ D(=1*nPppa,..a,. (4.19)
More generally, we have
D3P)E, .. EgAr.ae = €+ D)0, 5 dpay.a, (4.20)
The product of the co-spinor representations A+ can be decomposed as
[m/2]
Ay QA = Z A%P, 4.21)

p=0
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The formula that relates the product of two co-spinors to forms is given by (2.12) after the
appropriate restrictions. Applying this to the second term in the Laplace operator, we find

(2]

1
dimg (A1) ;O 2p)!

A1 = —(=1yHT | Oy, T TV, Vo +

x C(¢1, F“F""”pZPF”CZ)CFpI,.,pzijlwqb . (4.22)

In turn this can be written as

%]
Aig = —(=1TTCE o) | (8 +IRVuVeg + dimcl(AJr) pio (2;)!
@D vope  ommmer. R ot i~'2p)!
201Q2p + D(p + 1! PoPep T ap=2(p— 1)
X QP5 QPP gtV C, o SRS (4.23)
where
Ry, = %(ijgl I,y F Roipay)- (4.24)

is the (1,1) part of the curvature with respect to the almost complex structure J.

The Laplace operators A; is given as in (4.17) but with the parallel spinors ¢; and ¢; inter-
changed. The effect that this can be easily computed from 4.17) using the symmetry properties
of CIy,..u . In particular, we find that

Corollary 2. The Ay Laplace operator is

(=1*

— _(_1\5ctsr 1V oMV _ s OMY
A2p = —(=1)TC(1, 82) (( Iy (g i£2 )vuvvqb—i_idim(c(A_F)

(5] .
(=P 2p+2)!
2 |:2p+1(2p +D(p + D!

UY P10 02p—102 -
1R PRI CLY o IR0
p=0

EDPICP)

P2p—2P2p—1 oP pP2pV -pl,1
2p*2(p 1 §2P2p—2P2p lg lﬂg 2r CFp]“_pszle(ﬁ:|) . (4.25)

4.4. The m = 4k, 4k + 2 case

In this case, dj,d> : C_ — C_ and the inner product C~! when restricted on C_ is non-
degenerate. We define the adjoints 81, 6, : C— — C_ of the dy, d» operators, respectively. Again
there are two Laplace operators Ay = §xd) + d162 and Ay = 81da + dr81 The expressions of
these operators are the same as those in the previous section. In particular, we have that
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Corollary 3. The Ay Laplace operator is

m

1 1
A1 = —(—=1)’TTCE1, ) | (8" +i2")V,u Vi + —
P dime(Ay) = 2p)!
p+1
y T (2p +2)! QUQPP QPP CT, SR
2rt12p 4+ D(p + 1)! 102p
jp—1 !
%QMM o szp—zpzp—lgplugpzpvcrplmpzp:,RL,J }) . (4.26)
Similarly, the Ay Laplace operator is
—1)5¢
Ao = —(— 11, ) (1) (g — i)WV, Y+ — D
dimc(A4)

m

22: { (—=)PTI2p +2)!
20t12p+ D(p+ 1!

1V (30102 P2p—102 5
QUEEQPIPE QPP CTy,  py SR
p=0

D" C2P)! o

2p_2(p mvhY L szpmp1gﬂmgﬂzpvcf'plmpzp]R};Sd)} . (4.27)

One could also define two more Laplace operators Ay = 81d; + d18) and Ay = 8rdy + da$s.
However, they vanish. This can be seen by a direct computation

Avp = —(=1)*TT [ Cgy, T'THE)V, Vg +

%
1
dimg(A4) pz:;) @p)!

X [C(@r, THP1-Pr 1) 4 (2p)(2p — g Clar, TP 71y )gPr"
X CFP]u-PijRHV(P =0 ’ (428)

because the (0,2) part of the curvature R vanishes. Similarly A, = 0.
5. SU(m) holonomy, twisted complexes and algebraic spin cohomology
5.1. TwistedC+ Q E.

Let M a Riemannian manifold equipped with a connection VM such that hol(VM) € SU(m). In
addition, let E be a vector bundle over M equipped with a connection V£ and associated curvature
F.

As in the previous section one can construct two first order differential spin operators d; and
d, associated with the two parallel spinors of V¥ . Then one can use the vector bundle E to twist
the complexes C4 and C_ as C+ ® E and C_ ® E, respectively. Furthermore, one can use the
connection V£ to extend d; and d5 to the twisted complexes as it has been described in (3.9). We
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denote the extended operators with the same symbols. In particular, we have

Corollary 4. The operatorsd) : Cy ® E — Cy ® Eform =4k + 1,4k +3andd, : C_ ® E —
C_ ® E for m = 4k, 4k + 2 are nilpotent, d% = 0, if the (2,0) part of the curvature, R and F,
of both the connections V and VE vanishes. Similarly, The operator dy :C_ @ E — C_ Q E,
m = 4k, 4k + 1,4k + 2, 4k 4 3, is nilpotent, if the (0,2) part of the curvature, R and F, of both
the connections V and VE vanishes. For m = 4k, 4k + 2, d1d» + dod; = 0, ifF=R=0.

The Laplace operators can be easily computed. In particular, we find that

(5]

A = (=1 TC@1, &) | (8" + i)V, Vig +

di m(C(A+) (219)'

p=0

iPTl2p +2)!
201 2p + D(p + 1!

QMY QPP _Qﬂz;z—lpzpcrplmmp](Rw + Fi)o

i""'2p)!
1 '_szps QP2p-2P2p- 1gplﬂgp2pvcppl psz(Rl 1 + Fl 1)¢
p—=D!
5.1
Similarly, the A, Laplace operator is
—1)5¢
M = —(=1)TTC1, &) [ (D)™ — i)V, Vo + #
dimc(A4)

(2]

(—=i)PT2p +2)! )
X Z |:2P+1(2p n 1)(p n 1)!91“19'0”02 . szp_lpzhCF,O]...,Ozp—‘(R/AV + F//,v)(p

DD

1,1 1,1
Ay 2 R PR C T SR+ il

(5.2)

5.2. Twisted C+(E) complexes

Suppose that the parallel spinors with respect to the D connection on A+ ® E are in the
direction of either 1 ® 1 ore' A ... A ¢" ® 1 and E is a vector bundle with a fibre inner product
h, VER = 0. One can construct an invariant inner producton AL ® E as C ~1 @ h and extended
to the twisted complexes C4(E). We can again define operators d; and d». In particular, we have

Proposition 9. The operators dy : C4(E) — C(E) form =4k + 1,4k +3 and dy : C_(E) —
C_(E) for m = 4k, 4k + 2 are nilpotent, d% = 0, if the (2,0) part of the curvature of D vanishes.
Similarly, The operatord, : C_(E) — C_(E),m = 4k, 4k + 1, 4k + 2, 4k + 3, is nilpotent, d% =
0, if the (0,2) part of the curvature of D vanishes. For m = 4k, 4k + 2, d1dy + dady = 0, if the
curvature of D vanishes.
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Proof. The proof is similar to that we have already investigated in the previous sections for the
untwisted d; and d, operators. However, there is one difference. If E is not a line bundle, then
in the expression for d% and d% both symmetric and skew-symmetric CI"”) contribute. This is
unlike the untwisted case where only the skew-symmetric CI"(”) contribute. However, there is no
additional restriction on the curvature of D. [

The Laplace operators A; and A, can be easily computed in this case. The expressions are as
in (5.1) and (5.2) with the curvature R and F replaced by the curvature of D.

5.3. Algebraic cohomologies

We have seen that the operator D on the complex A* ® C is defined provided that CI” is
skew-symmetric which is the case for C = A if m = 4k, 4k + 3 and for C = B if m = 4k + 2.
Moreover, D restricts on C+, D : C+ — C+ if m = 4k + 3. Therefore, we conclude that the D
operator can be defined on the complexes A* ® C+ and A* ® C+ ® E only for m = 4k + 3. The
operator D can also defined for twisted complexes A* ® C+(E) but we shall not investigate this
further here.

Corollary 5. The algebraic operator D anticommutes with both d| and d> differential operators
diD+ Ddy =dyD + Dd, = 0. (5.3)

Therefore, one can define the operators d; + D and d» + D which are nilpotent provided
df = d% = 0. The cohomology of di + D and d» + D can be computed using spectral sequences.
We shall not do a general computation. Instead, we shall give the cohomology of the operator
d> + D in the special case where M is a six-dimensional Calabi-Yau manifold.

6. Complex manifolds with holonomy SU(m) and spin cohomology

It is clear from the results of the previous section that complex spin cohomology is related
to the Dolbeault cohomology. Here, we shall establish the precise relation and we shall give the
classes of the spin cohomology in terms of those of the Dolbeault cohomology, see e.g. [11,12].

6.1. Spin and Dolbeault cohomologies

Let M be a complex manifold equipped with a connection V, hol(V) € SU(m). On M, it is
known that

A=, A% = A0, (6.1)

This can be easily seen from A = A%9(1), where A% acts on 1 with Clifford multiplication. In
particular, we have AL = A% and A_ = A%°4d Thys,

C+ — A*(AO,even)

2
C_ — A*(A0,0dd) (6 )

Write A_ = A%! @ Z, where Z = @p21A0’2”+1. The complex C_ can now be decomposed as

Cl = ®pyg=eA”P ® A9(2). (6.3)
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Proposition 10.

dy=3: A" ® A1(Z) > A"PTT @ AY(Z). (6.4)
Proof. To show this, we first evaluate the action of d» on A%! c C_. Indeed let nie' € A% then
we have

(e’ = A1)V, 4 iVigund el = A-DP DGl Al (6.5)

where A = 1 for the A inner product and A =i for B inner product. After suppressing the
numerical coefficient which is inconsequential for the computation of cohomology, we have
d> = don A%, Using the definition of the A product, it is straightforward to extend the proof to
the rest of the complex C_. [

Corollary 6. Let M be a complex manifold as described in the beginning of the section. Then the
spin cohomology

HY(C0) = @ paqee Hy "(A9(2)). (6.6)

Therefore, the spin cohomology of the d> operator can be computed in terms of Dolbeault coho-
mology of a twisted complex by the bundle A*(Z), where Z = @ =1 A%2PF1,

A direct consequence of this is that

HS(C- ® E) = ®pig—e Hy "(A1(2) ® E). 6.7)
Using the corollary, we can also compute the index of the spin complex (C—, d) in terms of the
index of the twisted o complex. In particular, we have

Indexy,(C_) = Z(—l)qlnder(Aq(Z)) (6.8)

q>0

or more generally

Indexy, (C- ® E) = Z(—l)qlndex;,(Aq(Z) Q E). (6.9)

q=0

It remains to investigate the cohomology of d;. We shall consider the casesm = 4k 4 1, 4k 43
and m = 4k, 4k + 2 separately. In the former case d; : Cy — Cy. Writing Ay = A%~ 1@ W,
where W = ®p<mT—lAO’2p, we have

Ch = ®prg=e AP(AY"H @ AYW), (6.10)
and

di : AP(AY" " @ AY(W) = APTHAY Ty @ AY(W). 6.11)
Since there is a SU(m) structure, we can identify A%"~1 = ALO AP(A%m=1)y = AP0 and

dy =9: AP0 ® AYW) - APTLO @ AY(W). (6.12)

Therefore, we conclude that
0
Hy (C4) = ®prg=c Hy " (AI(W)). (6.13)
Thus, H;l Cy) = H:l‘z (C-). The same applies for m = 4k, 4k + 2.
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6.2. Algebraic operations on twisted complexes

On complex manifolds with hol(V) € SU(m) apart from the differential spin operators di, d>,
there is also an algebraic spin operator D provided m = 4k 4 3. We shall focus on the twisted spin
cohomology associated with the operators d» and D. In the context of complex geometry, there are
several versions that one can consider. In particular, one can defined a twisted spin cohomology
on A* ® C_ as we have already mentioned in Section 5.3. However, it is also possible to twist
C_ with either A*? or A%*. In each of these cases the twisted spin cohomology of the operator
d, + D, or equivalently 9 + D, can be computed using a spectral sequence.

The twisted complex C = A* ® C_ is a double complex, C”¢, with grading induced from
the space of forms A* and that of C_. However, in this grading, d» = 3 and D do not act with
horizontal and vertical operations. In particular, d, : CP** — CP**land D : CP* — Ca=1t+2,
It is therefore convenient to introduce a new grading as

cl=rt+2p) — crt — AP g L | (6.14)

Note know that d; : Cl=P-£+2P) 5 Cl=p.t42p+1] gnd p . Cl-P-£42P) 5 Cl=p+LEF2P] 4q ex-
pected. The twisted complexes A*° ® C_ and A%* ® C_ can be treated in a similar way. The
machinery of spectral sequences can now be used to do the computation, see e.g [10] and refer-
ences within. Instead of developing the general theory of computing the cohomology of 9 + D
for the various complexes above, we shall give the cohomology of (A*° ® C_, 3 + D) for six-
dimensional Calabi-Yau manifolds in an example below.

6.3. Spin. structures and spin cohomology

Let M be a complex manifold equipped with a spin, structure and compatible connection V,
hol(V) C SU(m). Suppose that L is a (locally defined) complex line bundle associated with the
spin. structure. On M, it is known that

A* QL =@ A% = A%, (6.15)
This is similar to the standard complex case, we have investigated. In particular, we have A}, ®
L = A%even gnd A_ = A00dd Thyg,

CJ,.(L) — A*(AO,even)

C_(L) — A*(A0,0dd)
Write A_ QL = A" QL& Z® L, where Z = 691,21/10’2”“. The complex C_(L) can now
be decomposed as

CL(L) = ® prgme AP(A™N) @ A9(Z). (6.17)

(6.16)

Proposition 11.
dry=3: AP(AOHY®@ A1 Z® L) > AP (A% @ A9(Z). (6.18)

Proof. To show this, we first evaluate the action of d» on A%! © C_(L). Indeed let ;¢! € A%,
then we have

dy(mie') = A=)V, 4 iV je' Rel = AGDIMO D et A e,
(6.19)

where A =1 for the A inner product and A =" for B inner product. After suppressing the
numerical coefficient which is inconsequential for the computation of cohomology, we have
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d> = don A%, Using the definition of the A product, it is straightforward to extend the proof to
the rest of the complex C_(L). O

Corollary 7. Let M be a complex Spin. manifold as described in the beginning of the section.
Then the spin cohomology

HY,(C(L)) = ®psgmi Hy P (A1(2)). (6.20)

Therefore, the spin cohomology of the dy operator can be computed in terms of Dolbeault coho-
mology of a twisted complex by the bundle L? ® A4(Z), where Z = EszlAO’sz.

7. Spin cohomology and six-dimensional Calabi-Yau manifolds
7.1. Differential spin cohomology
Applying the general theory of the previous section to this case, we have A_ = A%0dd —

A%l @ A%3 In addition for six-dimensional Calabi-Yau manifolds A%3 is trivial line bundle.
Using these, we find that

cl = A% g A0t (7.1
and

dy=0: A% @ A% - A% g A0 (7.2)
Therefore,

Hy,(Co)=HY & Hy . (7.3)
In particular for an irreducible six-dimensional Calabi-Yau manifold, we have that

H) =C, Hy=C, H;=0 Hj=C, Hj=C. (7.4)

It is also straightforward to compute the cohomology of the twisted complex (A*? ® C_, d»).
In particular, we find that

HY (A0 @C)=H @ HI'

: (7.5)

7.2. Twisted complexes and algebraic spin cohomology

To compute the cohomology of the complex (A*Y ® C_, d» + D), we first investigate the
complex (A*? ® C_, D). Using (7.1), we find that the operator D : AP0 @ ¢t — AP~1.0 g ct+2
acts as

D: APV QA% @ A1 5 APl @ [AOEH2 @ A0LH]] (7.6)
orequivalently D : APt @ AP~ . AP~LEF2 gy AP=LLF] Gince it acts on the two parts in the
sum separately, it is enough to consider only its action in the first part. After some computation,
one finds that

Dy = —(— 1)‘1mwml wllp_1,B3...Bg42

xeglﬁzeo" A AT NP AP A A eB"+2, (7.7)

where ¥ € AP9.
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Next we shall compute the cohomology of the double complex (A**,  + D) using a spectral
sequence, see e.g. [10] and references within. The most convenient filtration is that for which
E| = Hg’ ! Then from the general theory of spectral sequences for double complexes E, =
HpHjy and E; is graded as the double complex. It is known that for six-dimensional irreducible
Calabi-Yau manifolds the non-vanishing Dolbeault groups are Hg ’0, Hg1 ’1, Hg ’1, Hé1 2 H;)2 2 and
Hg 3, Moreover, Hg 0 — Hg 3 = C which are generated by the parallel (3,0)- and (0,3)-forms,
respectively. To compute E, observe that

0 HO B HM 50 (7.8)
and
0— Hy' 2 HY >0, (1.9)

and the rest of the cohomology groups of E1 = Hg “!live in E,. It is easy to see that KerD| g0 =
el

{0}. Therefore, E3* vanishes. In addition D(H;*) = C(£2 A £2), where £2 is the Kihler form.

Since DHQZ’2 = 0, we conclude that E%’z = Hg’z/(C(.Q A §2),1i.e. Ei’z = PHéz’2 is generated by
the primitive (2,2) harmonic forms.
Next observe that

KerD| 11 = {w € Hy'' suchthat £2-o =0} (7.10)
El

Therefore, Eé’l = PHé1 1is generated by the primitive (1,1) harmonic forms. In addition we
have that DHé1 1= Hg 3. therefore E(Z)’3 = 0. Thus, the only non-vanishing groups are Eg’o =
C.EY' =Hy' Ey? = H)? Ey' = PHY' Ey” = PH}? and E3° = C.

It remains to show that E» = E. This is easily verified by computing the action of the
differential dy of E». For this, we need to convert to the grading of the double complex A** for
which 3 : Al"n . Alma+1l acets vertically and D : A" — Alm+1nl aets horizontally. As we

have explained (m, n) = (—p, 2p + q), i.e. Eg_p’2p+q] = HgHg. The differential d5 : Eg"’”] —

Egm_z’"_l]. Itis easy then to see that the d; differential is the zero map and E> = E . Therefore,
the cohomology of the operator d + D is given by E;. Thus, we have shown the proposition.

Proposition 12. Let M be an irreducible six-dimensional Calabi-Yau manifold. The non-
vanishing cohomology groups of the complex (AP4,d + D) are H?, = = Hg’o =C,H?, =

1,1 2,1 1,2 2,2 3,3 b +D
s 3 _ , , 4 _ , 6 _ D __
PHY H} = H}' @ H? HY ) = PH? and HS, , = H® = C.

Finally, we have H§+D(A*’O ®C)= H§+D @ Hg_:ll)-

8. Manifolds with connections with holonomy Sp(k) and spin cohomology

Let M be a Riemannian manifold which admits a connection V with holonomy Sp(k). In this
case, there are k + 1 parallel spinors and so k + 1 spin differential operators that one can define.
The spin differential operators associated with the parallel spinors 1 and e; A ... A ey are the
same as the d; and d> spin differential operators that we have investigated for complex manifolds.
There are another k — 1 spin differential operators dor associated with the 2K 1<k<k-1,
parallel spinors of section two. Since £2 € A and m = 2k even, dok : C— — C_. We shall not
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present a complete analysis of all cases. Instead we shall focus on the spin differential operator
dy = dgi-1 associated with the parallel spinor £2¢~1.
As we have explained for complex manifolds, C_ can be decomposed as

Ct = ®prg=eA"P @ A1(Z). (8.1)
Proposition 13. Letr M be a hyperKdhler manifold, then

do=K.d: A%7 @ AYZ) - A%PT1 ® A4(2), (8.2)
where K is the second complex structure on M.

Proof. To show this, we first evaluate the action of dy on A%  C_. Indeed let niei e A%! then
we have

do(nie') = Aw, I'e)(Vi — iVigm)nje Ael = AKLdim ek A el (8.3)

where A is inconsequential numerical coefficient that depends on the inner product and the
normalization of the parallel spinor and (v, Kw) = £2(v, w). Thus, we have that d; = K19 on
A%1 Using the definition of the A product, it is straightforward to extend the proof to the rest of
the complex C_. [J

9. Real spin cohomologies

So far we have investigated the complex spinor cohomologies. Now we shall turn to investigate
the real ones. The real spinor representations for m = 4k, 4k + 1, 4k + 3 can be constructed by
imposing a reality condition on the complex representations. These reality conditions are

n=+A®M), n € AT, m = 4k
n=A®@), neAtT®A, m=4k+1 9.1)
n=B{), neAT® A, m=4k+3

and AF ={ne€ A%, st.n =LA@M), AR ={n€ AT @A™, st.n= A7)} and Ag={ne
AT @ A7, s.t.n = B(%)}, respectively.

9.1. SU(m) invariant spinors
We begin with a summary of the properties of real spin representation in various cases.

9.1.1. m=4k
The real parallel spinors in the SU(4k) case are

1 .
11:—2(1+el/\.../\em), rgzL

NG NG

Both parallel spinors 71, 73 € Aﬁ. We can again define spin cohomologies d, da associated with

(I—e1 Ao Aem). 9.2)

71, T2 for C = A on the real complex Cﬂf. Thus, s = 0, sy = 1. The decomposition of the real
spinor representations is
2k—1
2
AF® AF =" A @ AR*. 9.3)
p=0
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92. m =4k +1
The real parallel spinors are

! .
rlz—z(l—i—el/\.../\em), 1% L(l_el/\-u/\em)‘ 0.4

V2 V2
The parallel spinors 71, 72 € Agr. We can again define spin cohomologies dj, d associated with
71, T2 for C = A on the real complex CR). Thus, s = 0, s = 0. The decomposition of the real
spinor representations is

2m
AR®@ AR =AY (9.5)
p=0

93. m=4k+3
The real parallel spinors are

1 1
n=—s(tier A nen) m=sllter A Aen). ©.6)

V2 V2
The parallel spinors 71, 72 € Agr. We can again define spin cohomologies dj, d associated with
71, 7o for C = B on the real complex CR. Thus, s, = 0, s = 1. The decomposition of the real
spinor representations is

2m
Ap® Ap =Y A 9.7)
p=0

In all the above cases we find the following:
Theorem 6. The operators dy, d> are nilpotent iff the curvature of the connection V vanishes.

Proof. This is a consequence of the results we have already demonstrated in Sections 4 and 6.
]

We also have that
Theorem 7. The Laplacians Ay, Ay of the operators dy, dy are
Arp = A1 =gV, Vo 9.8)
Proof. This is a consequence of the results we have already demonstrated in Section 4. [

Corollary 8. The real spin cohomologies H *(CR) defined above are generated by the parallel
elements in CX with respectto V.

Proof. This follows from a partial integration formula and the fact that the inner product C = A, B
restricted in Ap is definite. [

A class of manifolds which we can define a real spin cohomology are group manifolds equipped
with the left or right invariant connections. One can also defined twisted real spin cohomology
but we shall not pursue this further here.



1918 G. Papadopoulos / Journal of Geometry and Physics 56 (2006) 1893—1919
10. Spin(7) spin cohomology

The Spin(7) invariant spinor is { = \%(el — ez A e3 A eg). Therefore, { € A™. So the spin
cohomology operatorisd : C; — Cy.

Theorem 8. The spin operator is nilpotent, d* = 0, if the connection V is the Levi-Civita con-
nection of a metric on the manifold M with holonomy Spin(7).

Proof. The representations A* are real. The map 7: A+t — A'(R®) given by (n) =
Cr (g met = C? (n)e,, induces an isomorphism between the A and the vector representa-
tions, C = A. This can be easily seen by observing that there is a (real) basis in AT such that t
is diagonal. This basis is

l4+ern...ANeq, i(l—eN...Neq), ilet Nex+e3Aes), (e1Nery—e3ANes),
etNest+eyANey, ilegNes—exAey), ilexnes+el ANes), (exAe3—erANeq).
(10.1)
In addition we have that
d’¢ = %C?ACERM@. (10.2)
The right-hand-side will vanish if the curvature R of the connection V is that of a Levi-Civita
connection for a metric with holonomy Spin(7) by virtue of the Bianchi identity.

Corollary 9. Let M be a manifold equipped with a metric with holonomy Spin(7). Then H*(C4) =
Hjp(M).

Proof. The map t is an isomorphism between the spin cohomology complex (C—, d) and the de
Rham complex (A*(M), d). Therefore, it induces an isomorphism in cohomology. [

11. G, spin cohomology

The spinor Spin(7) representation A decomposes under G, as A =R @ AYR"). The G,
invariant spinor is { = %(el — ez A e3 A e4). As in the previous cases, one can define a linear

operator d on C using the spinor .

Theorem 9. Let M a manifold equipped with a metric g with holonomy contained in G;. The
operator d associated to the Levi-Civita connection is nilpotent.

Proof. Since A =R @ A'(R7), we have that C¢ = AY(M) @ A~ (M). Moreover, 7: A —
A'(R7) such that (i) = CI'*(, n)e,, is onto and has kernel R(¢). Next
2 1 "= Vv
d"¢p = ECF ACT"AR o (11.1)
which vanishes because of the Bianchi identity where R is the curvature of the G, metric. [

Corollary 10. Let M a manifold equipped with a metric with holonomy G,. Then H*(C) =
Hip(M) @ Hiz (M),

Proof. The map 7 induces an isomorphism between the two complexes. This establishes the
isomorphism between the cohomologies. [
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